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Abstract
Double Field Theory provides a geometric framework capable of describing string theory backgrounds
that cannot be understood purely in terms of Riemannian geometry – not only globally (‘non-geometry’),
but even locally (‘non-Riemannian’). In this work, we show that the non-relativistic closed string the-
ory of Gomis and Ooguri [1] arises precisely as such a non-Riemannian string background, and that
the Gomis-Ooguri sigma model is equivalent to the Double Field Theory sigma model of [2] on this
background. We further show that the target-space formulation of Double Field Theory on this non-
Riemannian background correctly reproduces the appropriate sector of the Gomis-Ooguri string spec-
trum. To do this, we develop a general semi-covariant formalism describing perturbations in Double
Field Theory. We derive compact expressions for the linearized equations of motion around a generic
on-shell background, and construct the corresponding fluctuation Lagrangian in terms of novel com-
pletely covariant second order differential operators. We also present a new non-Riemannian solution
featuring Schro¨dinger conformal symmetry.
Preprint: IPMU15-0123
Contents
1 Introduction 2
2 Linearized Perturbations in Double Field Theory 6
2.1 Semi-Covariant Formulation of Double Field Theory . . . . . . . . . . . . . . . . . . . . . 6
2.2 Covariant Analysis of Linearized Perturbations . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 Covariance of the Linearized Equations, and new 2nd Order Differential Operators . . . . . 10
3 Non-Riemannian Sigma Models and Non-Relativistic Closed Strings 13
3.1 Non-Relativistic Limit of Closed String Theory and the Gomis-Ooguri Sigma Model . . . . 13
3.2 A Double Field Theory Sigma Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 Non-Riemannian Backgrounds of DFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.4 The Gomis-Ooguri Background in Double Field Theory . . . . . . . . . . . . . . . . . . . . 20
3.5 Generalized Diffeomorphisms and Galilean Symmetries . . . . . . . . . . . . . . . . . . . 21
3.6 A Doubled Geometry with Schro¨dinger Conformal Symmetry . . . . . . . . . . . . . . . . 22
4 Fluctuations in the Non-Relativistic Closed String Background 25
4.1 Spectrum of Double Field Theory on the Gomis-Ooguri Background . . . . . . . . . . . . . 25
4.1.1 Linearized Gauge Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.1.2 Gauge-Fixing and the Linearized Equations of Motion . . . . . . . . . . . . . . . . 27
4.1.3 Solution of the Linearized Equations of Motion . . . . . . . . . . . . . . . . . . . . 29
4.2 The Spectrum in the T-dual Frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
5 Conclusions & Outlook 31
A Derivation of the Fluctuation Equations and Lagrangian 34
1
1 Introduction
While superstring theory in ten dimensions has only a few maximally symmetric vacua (ten dimensional
flat Minkowski spacetime, pp-wave backgrounds, Anti de Sitter spacetime), its supersymmetric compactifi-
cation down to four spacetime dimensions over a six-dimensional internal manifold already exhibits a vast
number of string vacua [3, 4]. All these vacua have in common that they are ‘geometric’: they are described
in terms of local coordinate patches glued by the transition functions of differential geometry, and equipped
with a (pseudo-)Riemannian metric and other fields transforming in various representations of the Lorentz
group. Besides such geometric vacua, it is not unreasonable to expect that string theory as a theory of
quantum gravity may also allow configurations that are intrinsically ‘non-geometric’, i.e., ones that cannot
be understood within the framework of Riemannian geometry. Indeed, large classes of what one could call
‘mildly non-geometric’ compactifications down to four spacetime dimensions, i.e., compactifications which
are locally geometric but have global non-geometric features, have been identified [5, 6]. If we believe that
string theory describes the universe we live in, we hence cannot ignore the possibility that we live in a vac-
uum of string theory with genuinely non-geometric structure. The question of how many vacua or classes
thereof, and of which nature, string theory actually allows, is hence of fundamental importance. In order to
answer this question, we need formulations of string theory which go beyond usual supergravity and hence
can describe non-geometric backgrounds. Double Field Theory (DFT) [7–12] is such a formulation.1 In this
work we will use DFT to describe a particularly interesting kind of non-geometric background on which the
non-relativistic string theory a` la Gomis and Ooguri [1] is formulated in a systematic way. We will show i)
how its CFT fits into a the DFT sigma model of [2], ii) how it arises as a solution of the DFT target space
equations of motion, and that iii) this target space theory correctly reproduces the string worldsheet spectrum
of excitations described in [1]. For earlier work on DFT or doubled sigma models, see refs. [16–22].
Another motivation for our work comes from the desire to find and efficiently analyze solvable string
backgrounds from the world sheet perspective, i.e. from the point of view of the (super)string sigma model.
The world sheet theory has long been known of being able to describe non-geometric string backgrounds as
well. Examples include T-folds [19, 20], exotic branes [23–25], and non-relativistic string theories [1, 26–
32]. The latter ones are of particular interest for applications of the AdS/CFT correspondence to strongly
coupled condensed matter systems, which often enjoy non-relativistic (e.g., Galilean, Schro¨dinger, Lifshitz)
rather than relativistic symmetries. Historically, the first example of such a sigma model was the non-
relativistic closed string theory developed by Gomis and Ooguri in [1], which will be at the heart of this
1For further guidance to the literature, we refer readers to Refs.[13–15].
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work. We will in particular clarify the non-geometric nature of this string theory background by describing
it via the DFT sigma model of Ref. [2]. We hope that this study will lead to a better general understanding
of the properties of non-relativistic vacua in string theory —similar to how recent studies of non-relativistic
gravity [33–40] were partially inspired by condensed matter applications— and further to additional insight
into the structure of gravity itself.
DFT [7–12, 41] is a formulation of (super)gravity in D dimensions which makes the T-duality sym-
metries [42–46] of the (super)string manifest. It begins by replacing standard D-dimensional spacetime
with a 2D-dimensional doubled geometry [16–18], equipped with doubled coordinates xM = (x˜µ, xµ).
The tangent space of doubled geometry is equipped with an O(D,D) invariant metric JMN , which in the
coordinates xM takes the off-diagonal form,
JMN =

 0 δ
µ
ν
δ νµ 0

 . (1.1)
Because the standard spacetime diffeomorphisms cannot preserve such a structure, the structure group of
the manifold must be modified, and hence the action of the Lie derivative as well. The generalized Lie
derivative preserving JAB takes the form
LˆXTA1···An := XB∂BTA1···An + ω∂BXBTA1···An +
n∑
i=1
(∂AiXB − ∂BXAi)TA1···Ai−1BAi+1···An . (1.2)
where ω denotes the weight of TA1···An , and all the O(D,D) vector indices can be freely raised and low-
ered by the O(D,D) invariant constant metric JMN . The generalized Lie derivative unifies the Riemannian
diffeomorphism and the B-field gauge symmetry, similar to the construction used in Generalized Geome-
try [47–52]. The symmetries of DFT become the generalized diffeomorphisms generated by the generalized
Lie derivative, together with the global O(D,D) rotations comprising the T-duality group [8, 47, 50].
While the doubling of the spacetime coordinates makes T-duality symmetry manifest, it obviously in-
troduces too many spacetime dimensions, and a mechanism is needed to maintain only the physical number
of dimensions. In DFT, this reduction occurs by means of a section condition. One first imposes a second
order differential constraint on all objects constructed from local fields,
∂A∂
A = 0 . (1.3)
In particular, imposing this condition on the product φ1φ2 of any two DFT fields implies that ∂Aφ1∂Aφ2 =
0. The most general solution to this constraint corresponds to choosing a polarization, or section condition,
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on the tangent space: i.e., we choose a D-dimensional subspace that is totally null with respect to JAB, and
require all fields to have vanishing derivative orthogonal to this subspace. Such a polarization provides a
natural decomposition of the coordinates into two sets as above, of the form xA = (x˜µ, xν), with “ordinary”
coordinates, xν , and T-dual “winding” coordinates, x˜µ. We will generally fix a section by enforcing that all
the fields are independent of the dual winding directions,
∂Φ
∂x˜µ
≡ 0 . (1.4)
This solves the section condition (1.3), and DFT then reduces to the familiar low energy effective actions of
closed (super)string theory. During this procedure, supergravity loses manifest O(D,D) symmetry. Note
that the group of O(D,D) transformations changes the section condition while preserving the invariant
metric JAB.
Technically, the section condition ensures the closure of the algebra of generalized Lie derivatives (1.2),
and also that arbitrary functions and their arbitrary derivatives, denoted collectively by Φ, are invariant under
the coordinate gauge symmetry shift as
Φ(x+∆) = Φ(x) , ∆A = φ∂Aϕ . (1.5)
Geometrically it means that [2, 53] DFT employs a doubled-yet-gauged coordinate system for the descrip-
tion of a D-dimensional spacetime: the doubled coordinate system is equipped with an equivalence relation,
xA ≃ xA + φ(x)∂Aϕ(x) (1.6)
where φ,ϕ are DFT fields, and each equivalence class, or gauge orbit, represents a single physical point.
The diffeomorphism symmetry means an invariance under arbitrary reparametrizations of the gauge orbits.
In DFT, the geometrical field variables are the O(D,D) singlet (modified) dilaton, d, and the O(D,D)
covariant generalized metric, HAB. The DFT dilaton d is related to the standard string dilaton field φ by
e−2d =
√−ge−2φ, making e−2d a scalar density of unit weight, while the generalized metric is defined as a
symmetric O(D,D) element, i.e., it satisfies
HAB = HBA , HACHBDJCD = JAB . (1.7)
By adopting the block off-diagonal form (1.1) of JAB, the generalized metric HAB also naturally decom-
poses into four D×D blocks. Now, with respect to the “canonical” choice of the section (1.4), if we assume
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the upper left symmetric block to be non-degenerate and identified with the inverse of a Riemannian metric,
it is straightforward to check that the remaining components are determined by a two-form field B,
HAB =

 G
−1 −G−1B
BG−1 G−BG−1B

 , Gµν = Gνµ , det(Gµν) 6= 0 , Bµν = −Bνµ .
(1.8)
Of course, this parametrization is by no means unique. Though it can be a preferred choice for the canonical
section (1.4), one may also perform field redefinitions which change the above identification, c.f. e.g. [54].
DFT is also well-defined in the cases where the generalized metric HAB is an element of O(D,D), but
the upper left block in it is degenerate. In this case, the generalized metric does not allow any Riemannian
interpretation. Nevertheless, DFT makes perfect sense even for such a non-Riemannian background. The
analysis of such backgrounds, in particular the one describing the non-relativistic closed string theory of [1],
is the main focus of this work. What is known so far about the behavior of DFT in non-geometric back-
grounds (c.f. [13–15] and references therein) indicates that DFT may provide a novel theoretical framework
to formulate string theory, alternative to, or generalizing, the conventional Riemannian setup. In particu-
lar the geometric implementation of the section condition as a doubled-yet-gauged spacetime [53] allowed
to formulate a string worldsheet theory [2] with the doubled spacetime coordinates being dynamical fields
[14, 19, 20] in which the coordinate gauge symmetry (1.6) is realized as a usual gauge symmetry on the
worldsheet. This string action couples to an arbitrarily curved generalized metric and dilaton, and is still
completely covariant with respect to the coordinate gauge symmetry, DFT diffeomorphisms (1.2), O(D,D)
T-duality, and the usual world-sheet diffeomorphisms as well as world-sheet Weyl symmetry. While it re-
duces to the standard Polyakov string action in the above-described Riemannian case (1.8), it can also go
beyond and in principle describe non-Riemannian backgrounds. We will make this explicit in this work by
finding the non-geometric background which reduces the DFT sigma model of [2] to the non-relativistic
closed string of [1], and show that the target space DFT equations of motion correctly reproduce the pertur-
bative spectrum of [1], including the winding mode sector.
The remainder of this work is organized as follows: In section 2, we start by reviewing the ‘semi-
covariant’ formulation of DFT for the NS-NS sector. We then derive a compact form of the Lagrangian
expanded to second order in fluctuations around a generic background, in terms of completely covariantized
differential operators. This is one main result of the paper. In section 3 we introduce the DFT sigma model
of [2], elaborate on the distinction between geometric and non-geometric (non-Riemannian) backgrounds,
and then derive the non-Riemannian background corresponding to the non-relativistic closed string of [1].
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In section 4 we present the other main result of this work, the spectrum of linear perturbations around
the non-Riemannian DFT background for non-relativistic closed string theory. On the way, we obtain the
explicit realization of the Bargmann algebra on the target space DFT manifold, and also present a novel
DFT background with Schro¨dinger conformal symmetry. We end with conclusions as well as an outlook
on future research directions in section 5. Some technical details of the derivations can be found in the
Appendix.
2 Linearized Perturbations in Double Field Theory
The analysis of linear perturbations around gravitational backgrounds yields important information about
the spectrum of physical excitations, as well as possible pathologies such as tachyonic or ghost instabilities.
The starting point of our work is the semi-covariant formulation of bosonic (NS-NS sector) DFT [55, 56],
which we review in section 2.1. We then analyze the fluctuations around a generic background, deriving
a compact form of the Lagrangian to second order in fluctuations and expressing the resulting fluctuation
equations of motion in terms of completely covariantized semi-covariant derivatives. Section 2.3 is devoted
to proving the covariance of these equations, and in the course we also derive a novel completely covariant
2nd order differential operator.
2.1 Semi-Covariant Formulation of Double Field Theory
The semi-covariant formulation of DFT [55, 56] (c.f. also [57]) expresses all quantities in terms of the
symmetric tensors
PAB =
1
2(JAB +HAB) , P¯AB = 12 (JAB −HAB) . (2.1)
Because the generalized metricHAB is an element of O(D,D), these give rise to complementary projection
operators PAB = J ACPCB , P¯AB = J ACP¯CB . That is, these matrices satisfy
P 2 = P , P¯ 2 = P¯ , P P¯ = 0 , P + P¯ = 1 . (2.2)
The most geometric way to formulate DFT is to introduce a connection that preserves the relevant geometric
structures — in this case, P , P¯ , and the DFT dilaton d. One can show that these objects are all covariantly
constant with respect to the semi-covariant derivative [55, 56]
∇CTA1···An = ∂CTA1···An − ωΓBBCTA1···An +
n∑
i=1
ΓCAi
BTA1···Ai−1BAi+1···An , (2.3)
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where the torsionless DFT connection Γ BCA is defined by
ΓCAB = 2
(
P∂CPP¯
)
[AB]
+ 2
(
P¯[A
DP¯B]
E − P[ADPB]E
)
∂DPEC
− 4
D−1
(
P¯C[AP¯B]
D + PC[APB]
D
)(
∂Dd+ (P∂
EPP¯ )[ED]
)
.
(2.4)
“Semi-covariant” refers to the fact that the semi-covariant derivative of a tensor TA1···An fails to be itself
a tensor: its transformation δX∇CTA1···An under an infinitesimal generalized diffeomorphism XA is not
equal to the generalized Lie derivative LˆX∇CTA1···An of (1.2). Rather,
(δX−LˆX)∇CTA1···An =
n∑
i=1
2(P+P¯)CAiBFDE∂F∂[DXE]TA1···Ai−1BAi+1···An . (2.5)
Here we have introduced six-index projection operators
PCABDEF := PCDP[A[EPB]F ] + 2D−1PC[APB][EPF ]D , PCABDEFPDEFGHI = PCABGHI ,
P¯CABDEF := P¯CDP¯[A[EP¯B]F ] + 2D−1 P¯C[AP¯B][EP¯F ]D , P¯CABDEF P¯DEFGHI = P¯CABGHI ,
(2.6)
which are traceless (PAABDEF = 0 and P¯AABDEF = 0) and satisfy the symmetry properties
PCABDEF = PDEFCAB = PC[AB]D[EF ] , P¯CABDEF = P¯DEFCAB = P¯C[AB]D[EF ] . (2.7)
It is useful to note that ΓCAB is the unique connection parallelizing d, P and P¯ ,
∇Ad = −12e2d∇A(e−2d) = ∂Ad+ 12ΓBBA = 0 , ∇APBC = 0 , ∇AP¯BC = 0 , (2.8)
and which also satisfies the vanishing properties ΓC(AB) = Γ[ABC] = (P + P¯)CABDEFΓDEF = 0.
As we so-far have not defined a purely covariant derivative (which we will do in section 2.3), we must be
careful that the objects built from the semi-covariant derivative ∇A that appear in actions and equations of
motion satisfy ‘δX = LˆX’ — i.e., that their transformation under infinitesimal generalized diffeomorphisms
is equal to the generalized Lie derivative. We call such an object completely covariant.
The natural Riemann-like curvature constructed from the connection ΓCAB is the semi-covariant cur-
vature,
SABCD :=
1
2(RABCD +RCDAB − ΓEABΓECD) , (2.9)
where RCDAB is the familiar Riemannian expression for the conventional curvature,
RCDAB := ∂AΓBCD − ∂BΓACD + ΓACEΓBED − ΓBCEΓAED . (2.10)
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Using these objects we can give a simple expression for the Lagrangian in NS-NS sector of DFT [12, 56, 58]:
L = 18e−2d
[
(PACPBD − P¯ACP¯BD)SABCD − 2Λ
]
, (2.11)
where Λ is the DFT version of the cosmological constant [56]. The complete covariance of this Lagrangian
will be reviewed in section 2.3 where we also identify novel completely covariant differential operators.
2.2 Covariant Analysis of Linearized Perturbations
In this subsection we derive a fully covariant formula for all quadratic fluctuations around an on-shell back-
ground of the DFT Lagrangian (2.11). The resulting formula, (2.23), is in particular completely covariant
under DFT diffeomorphisms and O(D,D) transformations. It will turn out to be convenient to work with
perturbations of the projection operators (2.2), rather than those of the generalized metric itself. These
equations will serve as the starting point for our analysis in the following two sections of a non-Riemannian
background corresponding to the non-relativistic closed string theory of [1]. We begin with the DFT equa-
tions of motion, which are obtained from the (formal) variational principle for the Lagrangian (2.11) by
varying P → P + δP and P¯ → P¯ + δP¯ . Because P and P¯ are constrained by the quadratic relations (2.2),
the first order variations are constrained to satisfy
δP + δP¯ = 0 , P δP = δP P¯ , δPP = P¯ δP , (2.12)
such that
δP = PδP P¯ + P¯ δPP . (2.13)
The variation of the semi-covariant curvature (2.9) takes the form
δSABCD = ∇[AδΓB]CD +∇[CδΓD]AB , (2.14)
where the variation of the DFT connection (2.4) is given explicitly by
δΓCAB = 2P[A
DP¯B]
E∇CδPDE + 2(P¯[ADP¯B]E − P[ADPB]E)∇DδPEC
− 4
D−1(P¯C[AP¯B]
D + PC[APB]
D)(∂Dδd+ PE[G∇GδPED])
−ΓFDE δ(P + P¯)CABFDE .
(2.15)
The variation of the Lagrangian (2.11) can now be written
δL = −2L δd + 14e−2dSAB δPAB + 14∂A
[
e−2d(PACPBD − P¯ACP¯BD)δΓBCD
]
, (2.16)
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where we have defined SAB = SACBC . We thus obtain the two DFT equations of motion2
(PSP¯ )AB = PA
CP¯B
DSCD ≡ 0 , L = 18e−2d
[
(PACPBD − P¯ACP¯BD)SABCD − 2Λ
] ≡ 0 .
(2.17)
Hereafter, the equivalence symbol, ‘≡ ’ means the on-shell relation. The equations of motion for the
quadratic fluctuations around an on-shell background are found by taking the on-shell variations of the
equations of motion (2.17), which are
δL ≡ 14e−2d(PACPBD − P¯ACP¯BD)∇AδΓBCD
= e−2d
[
1
2(P
AB − P¯AB)∇A∂Bδd − 14∇A∇BδPAB
]
, (2.18)
and
δ(PSP¯ )AB = 2PA
CP¯B
D∇C∂Dδd+ 12(PAC∆¯BD −∆ACP¯BD)δPCD − 2(PSP¯ δPP )(AB)
≡ 2PACP¯BD∇C∂Dδd+ 12(PAC∆¯BD −∆ACP¯BD)δPCD , (2.19)
where we have defined a pair of second order (semi-covariant) differential operators,
∆A
B := PA
BPCD∇C∇D − 2PADPBC(∇C∇D − SCD) ,
∆¯A
B := P¯A
BP¯CD∇C∇D − 2P¯ADP¯BC(∇C∇D − SCD) .
(2.20)
In summary, we have the following results:
The DFT fluctuations δd and δPAB satisfy the equations of motion:
(PAB − P¯AB)∇A∂Bδd− 12∇A∇BδPAB ≡ 0 , (2.21)
PA
CP¯B
D∇C∂Dδd + 14(PAC∆¯BD −∆ACP¯BD)δPCD ≡ 0 . (2.22)
2Note the following equivalence due to the projection property,
(PSP¯ )(AB) = 0 ⇐⇒ (PSP¯ )AB = 0 .
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These two relations can be also derived from the following effective Lagrangian for the fluctuations
around a given on-shell background,
Leff. := e−2d
[
1
2(P − P¯ )AB∂Aδd ∂Bδd− 12∂Aδd∇BδPAB + 18δPAB(∆¯ACPBD −∆AC P¯BD)δPCD
]
.
(2.23)
Gauge symmetries. As we show in the next section, the expressions (2.21-2.23), as off-shell quantities,
transform completely covariantly under DFT diffeomorphisms, given in terms of the generalized Lie
derivative acting on each field,
δXd = LˆXd , δXPAB = LˆXPAB , δX(δd) = LˆXδd = XA∂Aδd , δX(δPAB) = LˆXδPAB .
(2.24)
Furthermore, the two equations of motion (2.21), (2.22) are also covariant under the linearized diffeo-
morphism transformation δY , which acts according to δY d = δY PAB = 0 and
δY (δd) = LˆY d = −12e2dLˆY (e−2d) = Y A∂Ad− 12∂AY A , δY (δPAB) = LˆY PAB . (2.25)
Note that, although the cosmological constant, Λ, does not appear explicitly above, its effect is included in
the dependence on the on-shell background, which solves (2.17). The effective Lagrangian (2.23) can also
be derived directly by expanding the original DFT Lagrangian (2.11) to second order in the fluctuations. To
do so, one must take care with the constraints (2.2), which imply that the quadratic variation of P, P¯ are
non-zero. Instead, the variations take the form
d 7→ d+ δd , P 7→ P + δP + P¯ (δP )2P¯ − P (δP )2P . (2.26)
As shown explicitly in Appendix A, the effective Lagrangian above (2.23) then agrees (up to total deriva-
tives) on-shell with the second order variation of the original DFT Lagrangian ,
Leff. = 12δ2L . (2.27)
2.3 Covariance of the Linearized Equations, and new 2nd Order Differential Operators
In this subsection, we check the full DFT diffeomorphism covariance of the fluctuation equations, (2.21),
(2.22), explicitly. We start by recalling from [56] that the six-index projectors (2.6) govern the anomalous
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(i.e. non-covariant) terms of the semi-covariant derivative and curvature under generalized diffeomorphisms:
(δX−LˆX)ΓCAB = 2
[
(P+P¯)CABFDE − δ FC δ DA δ EB
]
∂F∂[DXE] ,
(δX−LˆX)∇CTA1···An =
n∑
i=1
2(P+P¯)CAiBFDE∂F∂[DXE]TA1···Ai−1BAi+1···An , (2.28)
(δX − LˆX)SABCD = 2∇[A
(
(P+P¯)B][CD]EFG∂E∂[FXG]
)
+ 2∇[C
(
(P+P¯)D][AB]EFG∂E∂[FXG]
)
.
From the definition (2.6) it can be seen easily that any contraction of P with P¯ , or of P¯ with P vanishes. It
follows then immediately that, by applying appropriate projection operators, one can construct completely
covariant tensors from the semi-covariant derivative, for example [56]:
PC
DP¯A1
B1 · · · P¯AnBn∇DTB1···Bn , P¯CDPA1B1 · · ·PAnBn∇DTB1···Bn ,
PABP¯C1
D1 · · · P¯CnDn∇ATBD1···Dn , P¯ABPC1D1 · · ·PCnDn∇ATBD1···Dn ,
PABP¯C1
D1 · · · P¯CnDn∇A∇BTD1···Dn , P¯ABPC1D1 · · ·PCnDn∇A∇BTD1···Dn .
(2.29)
Similarly, the following curvatures are completely covariant:
(PSP¯ )AB = PA
C P¯B
DSCD , (P
ACPBD − P¯ACP¯BD)SABCD . (2.30)
It is worthwhile to note also the identities for the completely covariant scalar curvature,3
PACPBDSABCD = P
ABSAB = −P¯ACP¯BDSABCD = −P¯ABSAB . (2.31)
Next we define a pair of second order (semi-covariant) differential operators,
DA
B := (PA
BPCD − 2PADPBC)(∇C∇D − SCD) ,
D¯A
B := (P¯xA
BP¯CD − 2P¯ADP¯BC)(∇C∇D − SCD) .
(2.32)
These operators are closely related to ∆AB , ∆¯AB (2.20) simply by the completely covariant scalar curvature,
DA
B = ∆A
B − PABPCDSCD , D¯AB = ∆¯AB − P¯ABP¯CDSCD . (2.33)
3 These identities may be used to simplify (2.11) by showing that the first two terms are equal. However, in the full order
supersymmetric extensions of DFT [41, 58] the connection ΓCAB of equation (2.4) is no longer torsion-free, and the identity (2.31)
no longer holds. In this case, (2.30) is the correct covariant object.
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The successive application of (2.28) yields for the semi-covariant second derivative,
(δX−LˆX)∇B∇CTA1···An = 2(P+P¯)BCGFDE∂F∂[DXE]∇GTA1···An (2.34)
+
n∑
i=1
2(P+P¯)BAiGFDE∂F∂[DXE]∇CTA1···Ai−1GAi+1···An
+
n∑
i=1
2(P+P¯)CAiGFDE∂F∂[DXE]∇BTA1···Ai−1GAi+1···An
+
n∑
i=1
2(P+P¯)CAiGFDE
(∇B∂F∂[DXE])TA1···Ai−1GAi+1···An ,
which in turn can be used to show that the following contractions of the new operators (2.33) with projectors
are completely covariant second order derivatives,
DA
CP¯B1
D1 · · · P¯BnDnTCD1···Dn , D¯ACPB1D1 · · ·PBnDnTCD1···Dn , (2.35)
∆A
CP¯B1
D1 · · · P¯BnDnTCD1···Dn , ∆¯ACPB1D1 · · ·PBnDnTCD1···Dn . (2.36)
To the best of our knowledge these operators have not appeared in the literature before. They complement
the known list of completely covariant tensorial differential operators (2.29) [56] (see also the appendix of
[59] for “Dirac” operators).
From our list of completely covariant objects (2.29), (2.35), (2.36), together with the constraints (2.13)
on δP , each term in (2.18) and (2.19),
PAB∇A∂Bδd , P¯AB∇A∂Bδd , ∇A∇BδPAB ,
PA
CP¯B
D∇C∂Dδd , PAC∆¯BDδPCD , ∆ACP¯BDδPCD ,
(2.37)
can be seen to be completely covariant under both generalized diffeomorphisms and O(D,D) rotations.
This establishes the complete covariance of the equations of motion for the fluctuations.
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3 Non-Riemannian Sigma Models and Non-Relativistic Closed Strings
Gomis and Ooguri [1] showed that there exist double scaling limits of the closed string whose symmetries
are not the Lorentz group, but rather the non-relativistic group of Galilean transformations. While the
Gomis-Ooguri string is described by a sigma model, it cannot be formulated purely in terms of the target
space fields, needing additional worldsheet variables to construct the space of physical states. This makes it
unlikely that its low energy excitations can be described simply in terms of general relativity.
In this section we review the setup, limit and sigma model of the Galilean invariant string theory of [1].
We then show that this non-Riemannian limit has a natural embedding into Double Field Theory, making
Double Field Theory a natural candidate for describing the (generalized) geometric structure of the Gomis-
Ooguri string.
3.1 Non-Relativistic Limit of Closed String Theory and the Gomis-Ooguri Sigma Model
The non-relativistic limit of [1] starts with a scaling limit of relativistic string theory incorporating com-
ponents of a p-form gauge potential. States uncharged under this potential decouple, while charged states
acquire a non-relativistic dispersion relation. While such limits exist for both open and closed string the-
ories, as in [1] we will focus on the non-relativistic closed string limit employing the Neveu-Schwarz B
field.
Consider a closed string on flat space, gµν = ηµν , winding around a compact spatial circle of radius
R denoted by x1, with non-vanishing B01 = B along this compact direction. We can further naturally
introduce a speed of light c by splitting the spacetime coordinates xµ = (xα, xi) (α = 0, 1 and i =
2, . . . ,D − 1) and rescaling the metric gαβ in the xα sector equal to c2ηαβ . The dispersion relation of a
closed string winding w times around the circle is then
1
c2
(E +
wRB
α′
)2 = k2 + c2
(
wR
α′
)2
+
1
c2
( n
R
)2
+
2
α′
(N + N˜ − 2) , (3.1)
together with the level-matching condition wn = N − N˜ . Here n denotes the x1 momentum quantum, E
the energy, and ki the momentum in the xi (i = 2, . . . ,D−1) directions. N and N˜ are the stringy excitation
numbers in the left and right moving sector, respectively.
While we cannot take the c →∞ limit as is, if we also take B = c2 − µ, with µ finite as c →∞, then
we obtain a finite dispersion relation
E = µ
wR
α′
+
α′k2
2wR
+
N + N˜ − 2
wR
. (3.2)
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This dispersion relation is precisely that for a Galilean particle with mass and charge wR/α′ and chemical
potential µ, together with an intrinsic contribution from the string oscillators. Demanding positive energy
states selects positive windings, w > 0.
The essence of the limit is its near-criticality, with the divergence due to the winding mode mass exactly
canceling the divergence due to the winding mode charge.
To obtain a non-relativistic limit of the worldsheet theory, we once again rescale the metric in the xα
sector by a constant, gαβ = Gηαβ , and take gij = δij in the other directions. Working in terms of light-cone
coordinates γ = X0 + X1, γ¯ = −X0 + X1, the (Euclidean) string sigma model in conformal gauge has
the form
S =
1
4πα′
ˆ
d2z
(
(G−B)∂γ∂¯γ¯ + (G+B)∂γ¯∂¯γ + 2∂Xi∂¯Xi) . (3.3)
We wish to take the limit G → ∞. While this is a singular limit of (3.3), introducing Lagrange multipliers
β, β¯ we obtain the equivalent action
S =
1
2πα′
ˆ
d2z
(
β∂¯γ + β¯∂γ¯ − 2
G+B
ββ¯ +
1
2
(G−B)∂γ∂¯γ¯ + ∂Xi∂¯Xj
)
. (3.4)
Setting B = G− µ, the G→∞ is now straightforward, and we obtain the worldsheet action
S =
1
2πα′
ˆ
d2z
(
β∂¯γ + β¯∂γ¯ +
µ
2
∂γ∂¯γ¯ + ∂Xi∂¯Xi
)
. (3.5)
The third term in the action contributes only contact terms to correlation functions, but it modifies the energy
in the winding sectors, shifting the spectrum by an amount proportional to the winding number w. µ can
therefore be understood as a residual chemical potential for the winding number.
The string spectrum for this sigma model was calculated in [1] and in our notation takes precisely the
form of equation (3.2). In particular, there are no excitations at winding number zero. Note that to go from
our notation to that of [1] one should make the following replacements:
β → α′βGO β¯ → α′β¯GO µ→ 1
2
α′ → α′eff . (3.6)
In particular, the quantity µ takes the fixed value 12 in [1].
Finally, it was shown in [1, 60, 61] that we must take a simultaneous strong-coupling limit, which in
terms of our parameter G takes the form gs =
√
Gg0, with g0 held constant [1, 60, 61]. g0 is the natural
expansion parameter defining perturbation theory in string loops.
The Gomis-Ooguri sigma model crucially involves the worldsheet variables β, β¯, yet these have no
straightforward interpretation as geometric objects within standard Riemannian geometry. We now turn to
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establishing an interpretation within the geometric framework provided by the sigma model formulation of
Double Field Theory.
3.2 A Double Field Theory Sigma Model
As Double Field Theory is intended to make manifest T-duality, an inherently stringy symmetry, it should
come as no surprise that the worldsheet theory of the string can be modified in such a way that the geometric
structures of Double Field Theory become manifest. Such a description was found in [2], which gave a
completely covariant worldsheet description of a string propagating in the doubled-yet-gauged spacetime
described in the introduction. Recall that the doubled coordinate space is equipped with the equivalence
relation (gauge symmetry) (1.6),
xM ∼ x′M = xM + φ∂Mϕ , (3.7)
where φ and ϕ are arbitrary fields satisfying the section condition. Clearly, the usual differential one form
dxM is not invariant under this gauge transformation. Furthermore, it is not a tensor: its transformation
under DFT diffeomorphisms is not given by the generalized Lie derivative (1.2). To construct a gauge-
invariant one form requires a corresponding gauge connection,
DxM := dxM −AM . (3.8)
As the connection is a ‘derivative index-valued vector’ which can be written as (the sum of) the form (3.7),
‘φ∂Mϕ ’ (see also (3.13)), it is natural to require the gauge potential to satisfy its own ‘section condition’
(c.f. [62]),4
AM∂M = 0 , AMAM = 0 . (3.9)
Thanks to the gauge connection, DxM is a DFT covariant vector. Under the coordinate gauge symmetry,
the transformation of AM is chosen such that DxM remains invariant,
AM −→ A′M = AM + d(Φ1∂MΦ2) , (3.10)
Further, its transformation under DFT diffeomorphisms matches the action of the generalized Lie derivative;
see [2] for details, especially the transformation rules of the gauge potential.
4It is also worth while to note that, if we regard AM itself as a DFT field so that ∂NAM∂N = 0 is satisfied then we may obtain
a suggestive form of a “gauged section condition” like (∂M +AM )(∂M +AM ) = 0.
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On a string worldsheet Σ with coordinates σa (a = 0, 1), the doubled target spacetime coordinates and
the gauge connection become worldsheet fields, XM (σ) and AMa (σ), so that X : Σ→ RD+D and
DXM = dσaDaX
M = dσa(∂aX
M −AMa ) . (3.11)
The coordinate gauge symmetry is then realized literally as one of the local symmetries in the DFT world-
sheet action proposed in [2]:
S = 14πα′
ˆ
Σ
d2σ L , L = −12
√
−hhabDaXMDbXNHMN (X) − ǫabDaXMAbM , (3.12)
where the string tension is halved [20] and the gauge connection, AMa , is taken as an auxiliary field to be
integrated over in the worldsheet path integral. This action describes a string propagating in a doubled-
yet-gauged spacetime given by a generalized metric H = P − P¯ which satisfies the section condition.
In addition to the coordinate gauge symmetry, the action (3.12) is also invariant under O(D,D) T-duality
rotations as well as under DFT diffeomorphisms [2].
By fixing the section as ∂
∂x˜µ
= 0 (1.4), the derivative-index-valued gauge potential assumes the concrete
form
AM = Aλ∂Mxλ = (Aµ, 0) , (3.13)
which obviously solves the ‘gauged section condition’ (3.9). It follows that
DaX
M = (∂aX˜µ −Aaµ , ∂aXµ) . (3.14)
Note that the sigma model retains the local gauge symmetry
δAaµ = ∂aλµ , δX˜µ = λµ , (3.15)
where the periodicity of large gauge transformations is fixed by the periodicity (if any) of X˜µ.
With respect to this choice of the section, the generalized metric can then be classified into two types:
• The Riemannian case is given by a generalized metric of which the upper left D × D block is non-
degenerate, such that it admits the well-known parametrization in terms of the D-dimensional ‘Rie-
mannian metric’ and the Kalb-Ramond B-field, as shown in (1.8). In this case, after integrating out
the auxiliary gauge connection we recover the standard string sigma model.
Further, with the assumed non-degeneracy of the Riemannian metric, the equation of motion of the
gauge connection implies the duality relation between Xµ and X˜µ on the doubled-yet-gauged target
spacetime:
gµνDaX˜ν −Bµν∂aXν + 1√−hǫab∂bXµ = 0 . (3.16)
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• A Non-Riemannian generalized metric is characterized by a degenerate upper left D × D block,
and so does not admit a Riemannian interpretation with respect to the section choice (1.4) [2] (also
c.f. [63]). The equation of motion of the gauge connection does not generically imply the standard
duality relation (3.16), but a modified duality relation, which we consider in more detail in the next
section.
3.3 Non-Riemannian Backgrounds of DFT
To better understand the “non-Riemannian” case, let us review a particular class of such Double Field Theory
backgrounds obtained in [2] by T-duality, and their realization by the sigma model (3.12).
As in [2], we start with a generalization of the exact solution of supergravity obtained in [64] corre-
sponding to a macroscopic fundamental string geometry in ten dimensions
ds2 = f−1(−dt2 + (dx1)2) + (dx2)2 + · · ·+ (dx9)2 ,
B = (f−1 − cˆ)dt ∧ dx1 , e−2φ = f e−2φ0 ,
f = 1 + Q
r6
, r2 =
∑9
a=2(x
a)2 ,
(3.17)
where Q is the number of string quanta, and φ0 and cˆ are constants. Note that 1− cˆ is the chemical potential
for winding charge; as a result, when x1 is compactified, we must take cˆ ∈ (0, 2), otherwise the background
is unstable to the spontaneous condensation of winding strings. (If x1 is non-compact then cˆ is pure gauge
and can be removed.) This solution splits the spacetime into the directions parallel and transverse to the
string, transforming under an SO(1, 1) × SO(8) subgroup of SO(1, 9). In the following, the greek letters
α, β, γ, δ, · · · denote the Minkowskian SO(1, 1) vector indices subject to the flat metric ηαβ = diag(−+),
and the roman letters i, j, k, ℓ · · · are for the Euclidean SO(8) vector indices with flat metric δij . The
doubled coordinate XM splits into (x˜α, x˜i, xα, xi), and so the generalized metric decomposes into sixteen
blocks, as (2 + 8 + 2 + 8) × (2 + 8 + 2 + 8). Further, with the 2 × 2 anti-symmetric Levi-Civita symbol,
Eαβ = −Eβα, E01 = +1, we set
Eαβ = ηαγEγβ = −Eβα = −Eβδηδα , (3.18)
which satisfies
EαβEβγ = δαγ . (3.19)
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Now we perform an O(D,D) rotation (i.e., a T-duality) which exchanges the (t, x1) and (t˜, x˜1) planes,5
HAB −→ OACOBDHCD , OAB =


0 0 ηαβ 0
0 δij 0 0
ηαβ 0 0 0
0 0 0 δi
j


(3.20)
to obtain a new generalized metric of the form
HMN =


cˆ(2− cˆf)ηαβ 0 (1− cˆf)Eαβ 0
0 δij 0 0
−(1− cˆf)Eαβ 0 fηαβ 0
0 0 0 δij


. (3.21)
corresponding to the geometric configuration
ds2 = 1
cˆ(2−cˆf)
(−dt2 + (dx1)2)+ (dx2)2 + · · · + (dx9)2 ,
B = − 1−cˆf
cˆ(2−cˆf) dt ∧ dx1 ,
e−2φ = e−2φ0 cˆ(2− cˆf) .
(3.22)
For non-vanishing cˆ this metric is non-degenerate and well-defined. In the geometric representation (3.22)
the limit cˆ → 0 appears inconsistent, as the fields in (3.22) become either singular or vanish everywhere.
5 Note that the O(D,D) rotation here may not correspond to the traditional T-duality rotation. In backgrounds with isometries,
we choose the coordinates, xA = (x˜α, x˜i, xα, xi), such that the background fields are independent of x˜i and xI = (x˜α, xβ).
In such backgrounds, a global O(D,D) rotation, HAB → OAC OBDHCD with OAB =
( 1 0
0 OI
J
)
∈ O(D,D) (keeping the
coordinates fixed), transforms the equation of motion of DFT covariantly. We used this rotation as a solution generating method.
For discussions on T-duality along the temporal direction, see e.g. [65, 66] and also on related subtle issues, see [67, 68].
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Nevertheless, the generalized metric (3.21) is well-defined even in the limit cˆ→ 0, and becomes
HMN =


0 0 Eαβ 0
0 δij 0 0
−Eαβ 0 fηαβ 0
0 0 0 δij


. (3.23)
The sigma model (3.12) then takes the following form:
1
4πα′L = 12πα′L′′ , (3.24)
L′′ = −14
√−hhab∂aXα∂bXβηαβf(X)− 12
√−hhab∂aXi∂bXi + 12ǫab∂aX˜µ∂bXµ
+12
√−h(Aaα − ∂aX˜α)
(
Eαβhab∂bXβ + 1√−hǫab∂bXα
)
−14
√−hhab
(
∂aX˜i +
1√−hǫa
c∂cXi −Aai
)(
∂bX˜
i + 1√−hǫb
e∂eX
i −Abi
)
.
(3.25)
Note that while the SO(8) sector of {Xi, X˜i, Aai} agrees, up to constraints, with the standard sigma model,
the SO(1, 1) sector of {Xα, X˜α, Aaα} takes a novel, more exotic form. In particular, the gauge field appears
quadratically in (3.25) for the non-degenerate SO(8) sector, but only linearly in the SO(1, 1) sector.
Integrating out all the gauge fields, the doubled yet gauged sigma model reduces to
1
2πα′
[
−14
√−hhab∂aXα∂bXβηαβf(X)− 12
√−hhab∂aXa∂bXa + 12ǫab∂aX˜µ∂bXµ
]
, (3.26)
where now the two of the ‘ordinary’ coordinate fields are constrained to satisfy a self-duality constraint,
∂aX
α + 1√−hǫa
bEαβ∂bXβ = 0 . (3.27)
This is in contrast to the non-degenerate SO(8) sector of which the ordinary and the dual coordinate fields
are related by the standard self-duality relation (3.16). Note that upon the self-duality (3.27), the second line
of (3.25) vanishes.
To summarize, even for the degenerate sector for which the Riemannian metric is ill-defined, there exists
a sigma model type Lagrangian description involving a self-duality constraint.
19
3.4 The Gomis-Ooguri Background in Double Field Theory
The doubled geometry (3.23) is in fact a solution for any harmonic function f of the variables xi. The
simplest case is to let f be a constant, and we show here that the doubled sigma model on this background
is in fact precisely the Gomis-Ooguri non-relativistic string.
This background is flat, and thus exists for the bosonic string as well, so we return to the general case
of D spacetime dimensions. The sigma model coordinates split into two types, Xα = (X0,X1) and Xi.
The Xi coordinates form (D− 2)-dimensional Euclidean space as usual, so we focus on Xα. Denoting the
generalized coordinate for Xα by XA = (X˜α,Xα), the background gαβ = Gηαβ , Bαβ = (G − µ) ǫαβ
considered in section 3.1 corresponds to the doubled geometry
HAB =


1
G
ηαβ G−µ
G
Eαβ
−G−µ
G
E βα 2µ ηαβ

 . (3.28)
Taking the limit G → ∞ and identifying f = 2µ, we obtain precisely the flat non-Riemannian back-
ground (3.23). Looking at the DFT dilaton field d, we also have in our coordinate system
e−2d =
√
ge−2φ = Gg−2s = g
−2
0 , (3.29)
so that d remains finite in the G→∞ limit. Thus the Gomis-Ooguri limit is a non-singular configuration of
DFT, and as such we expect that the worldsheet DFT sigma model should provide a manifestly non-singular
sigma model description on this backgrounds.
In fact, it is now straightforward to see that, after gauge-fixing, the gauge fields Aaα of the previous
section are nothing other than the β, β¯ Lagrange multipliers of the Gomis-Ooguri sigma model, and that the
modified self-duality constraint (3.27) is the constraint imposed by them.
Let us make this more apparent. We now work in conformal gauge on the worldsheet, hab = e2φηab,
and switch to light-cone coordinates, both on the worldsheet (σ± = σ1 ± σ0) and in the target spacetime
(γ = X1 + X0, γ¯ = X1 −X0). Next, recall that we have a gauge symmetry δX˜α = λ˜α, δAaα = ∂aλ˜α,
which we can fix completely (including large gauge transformations) by imposing X˜α = 0. Inserting these
conditions into the (X˜α,Xα, Aaα) sector of the Lagrangian (3.12), we obtain
L0,1 = −2∂−γA+ + 2∂+γ¯A¯− − f(∂+γ∂−γ¯ + ∂+γ¯∂−γ) . (3.30)
Make the identifications A+ = β, A− = −β¯, and f = 2µ, and perform a Wick rotation on the world-
sheet coordinates, (σ+, σ−) → (z, z¯). Then, after an integration by parts that (having vanishing boundary
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contributions in our background) is harmless, we obtain precisely the action of the (β, γ, β¯, γ¯) sector of the
Gomis-Ooguri string found in equation (3.5).
The construction in section 3.3 of a similar GO-like background using T-duality raises an important
question. In standard toroidal compactifications, T-duality has the effect of exchanging winding number w
and momentum n on the duality circle. In the GO dispersion relation (3.2), however, they appear asym-
metrically. Indeed, n does not appear at all; instead, it contributes only to the level-matching condition
wn = N − N˜ . Nonetheless, because the background (3.23) is non-degenerate in Double Field Theory,
O(D,D) invariance still guarantees us a T-dual theory (c.f. foonote 5), which is equivalent when stringy
excitations are included. We can now see the correct interpretation of this duality: in the c → ∞ limit of
equation (3.1), T-duality becomes an identity relating two worldsheet theories with different field content —
a light-cone sigma model, and the GO sigma model.
3.5 Generalized Diffeomorphisms and Galilean Symmetries
Having established that the Gomis-Ooguri string arises as a consistent background of both the bulk action
and the worldsheet sigma model of Double Field Theory, we now turn to the question of symmetries. The
algebra of infinitesimal symmetries of the spectrum of fluctuations around some background geometry is
typically determined by the algebra of Killing vector fields of that geometry, i.e. the gauge parameters ξM
for which the generalized Lie derivatives LˆξHAB and Lˆξd both vanish.
As the Gomis-Ooguri string has a Galilean-invariant spectrum, it is natural to expect that the Galilean
algebra (or rather its central extension, the Bargmann algebra) is realized by the generalized Killing fields
of the Gomis-Ooguri background in DFT. The Bargmann algebra has generators H , Pi, Mij , Bi, N cor-
responding respectively to time and space translations, rotations, Galilean boosts, and the particle number.
The non-vanishing commutators take the form
[Bi,H] = Pi [Bi, Pj ] = δijN [Mij , Pk] = δikPj − δjkPi
[Mij , Bk] = δikBj − δjkBi [Mij ,Mkℓ] = δikMjℓ − δiℓMkj − δjkMiℓ + δjℓMik .
(3.31)
A natural representation of vector fields ξM = (λ˜µ, λµ) in doubled geometry is to write ξ = ξM∂M =
λµ∂µ + λ˜µ∂˜
µ
. Imposing the Killing condition
LˆξHAB = ξC∂CHAB +HAC(∂BξC − ∂CξB) +HCB(∂AξC − ∂CξA) = 0 (3.32)
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on the Gomis-Ooguri background, we find the following gauge parameters generating global symmetries:
H = −∂t Q = −∂1 (3.33)
Pi = −∂i N = −∂˜1 (3.34)
Mij = −(xi∂j − xj∂i) Bi = −t∂i − xi∂˜1 , (3.35)
together with pure B-field gauge transformations acting trivially on physical states. Unlike in standard
geometry, DFT gauge transformations are commuted using the C-bracket
[ξ, η]C = ξ
A(∂Aη
B)∂B − ηA(∂AξB)∂B − 1
2
ξA(∂
BηA)∂B +
1
2
ηA(∂
BξA)∂B , (3.36)
and it is straightforward to verify that under the C-bracket these transformations close on the Bargmann
algebra (3.31) (supplemented by the U(1) generator Q), giving a natural realization of Galilean symmetry
within the doubled geometry of Double Field Theory.
3.6 A Doubled Geometry with Schro¨dinger Conformal Symmetry
Let us now take a short detour from our main line of development, and consider potential applications of this
new realization of Galilean symmetry in gravity. Likely the most important manifestation of non-relativistic
symmetry algebras within gravity and string theory during the past several years lies in the attempt to con-
struct gravitational duals to non-relativistic field theories. Just as many of the important properties of the
original AdS/CFT proposal relied heavily on the relationship between the geometric symmetries of a grav-
itational background and the global symmetries of the dual theory, the strategy here was to find geometries
whose geometric symmetries reproduce the algebra of symmetries of a dual non-relativistic scale-invariant
theory. The most restrictive – and, thus, most useful – symmetry algebras are those whose symmetry al-
gebras contain the Bargmann algebra (3.31), and it was precisely theories with these symmetries which
initiated the study of the non-relativistic gauge/gravity correspondence in [32, 69]. We restrict ourselves to
this case in the remainder.
Unlike relativistic theories at scale-invariant fixed points, there is no reason for time and space to scale
the same way in a non-relativistic field theory. The parameter characterizing this discrepancy is the dynam-
ical critical exponent z, and the scaling symmetry of the dual field theory takes the form
t 7→ λz t , ~x 7→ λ~x . (3.37)
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The infinitesimal generator D of these transformations has the following commutators (C-brackets) with the
Bargmann generators:
[D,H] = zH , [D,Pi] = Pi , [D,Bi] = −(z−1)Bi , [D,N ] = −(2−z)N , [D,Mij ] = 0 .
(3.38)
Finally, for the special case z = 2 an additional generator C with commutators
[C,H] = D , [C,D] = C , [C,Pi] = Bi , [C,Bi] = [C,Mij ] = [C,N ] = 0 , (3.39)
can be added to the algebra. The algebra spanned by (H,D,C, Pi, Bi,Mij , N) is called the Schro¨dinger
conformal algebra, and C , the special conformal generator.
Section 3.5 gave a natural realization of the Galilean algebra in DFT, and it is natural to expect that one
can also write down non-Riemannian DFT geometries whose symmetries are the Schro¨dinger conformal
algebra, as we will now show. Here, we assume the section condition ∂˜µ = 0, and as before, we split
the generalized coordinates as M = (A, I), although we will write all expressions in terms of the original
spacetime coordinates xα = (t, x1) rather than light-cone coordinates. Further breaking up the coordinates
xi = (xm, u), consider a spacetime configuration given by
HAB =

 0 σ
α
β(u)
σ βα (u) Hαβ

 , HIJ =

 u
2 δij 0
0 u−2 δij

 , HAI = 0 ,
Hαβ =

 −
1
u2z
0
0 u4−2z

 , σαβ(u) = (σ αβ (u))T =

 0 −u
2
− 1
u2
0

 .
(3.40)
Here u plays the role of the radial coordinate in the standard Poincare´ patch. The action of a DFT gauge
transformation ξ on H takes the form
LˆξHαβ = 2σγ(α∂β)λ˜γ − 2∂γ λ˜(ασγβ) + 2Hγ(α∂β)λγ + λu∂uHαβ , LˆξHαβ = 0 ,
LˆξH βα = ∂αλγσβγ − σγα∂γλβ + λu∂uσβα , LˆξH iα = Hij(∂αλ˜j − ∂j λ˜α)− σγα∂γλi , (3.41)
LˆξHij = 2Hk(i∂j)λk + λu∂uHij , LˆξH ji = Hjk(∂iλ˜k − ∂kλ˜i)
LˆξHαi = Hij∂αλj +Hαγ∂iλγ + σγα(∂iλ˜γ − ∂γ λ˜i) LˆξHαi = −Hij∂jλα (3.42)
23
and those related to them by the constraint H CA H DB DCD = JAB. Solving LˆξH = 0 for ξ, we find the
following generalized Killing vectors:
H = −∂t , D = −zt∂t − xm∂m − u∂u − (z − 2)x1∂1 ,
Pm = −∂m , Bm = −t∂m − xm∂˜1 , (3.43)
N = −∂˜1 , Mmn = −(xm∂n − xn∂m) .
(plus ∂1 and the trivial B-field gauge transformations), comprising the scale invariant Galilean symmetry
algebra with dynamical critical exponent z. Caution must be taken when interpreting the C-bracket commu-
tators of these generators. For example, the C-bracket of D and Bm takes the form
[D,Bm]C = −(z − 1)Bm − z − 2
2
(xm∂˜1 + x1∂˜m) = −(z − 1)Bm − z − 2
2
∂M (x1xm)∂M . (3.44)
Here it is important to note that the potentially “anomalous” term, ∂M (x1xm)∂M , corresponds to the kernel
of the generalized Lie derivative, i.e. Lˆ∂M (x1xm) = 0, and is also a trivial coordinate gauge symmetry. Thus
it can be set equal to zero when acting on physical states, and with this in mind the commutators take the
desired form (3.38).
When z = 2 there is an additional symmetry generator,
C = −t2∂t − txm∂m − tu ∂u − 1
2
(x2 + u2)∂˜1. (3.45)
It is straightforward to check that in this case, under the C-bracket the generators satisfy the full Schro¨dinger
conformal algebra.
As in the case of the Gomis-Ooguri background, this geometry is related by T-duality to the well-known
geometric Schro¨dinger background [69], and so in this sense (3.40) is not a fundamentally new configuration
within string theory. Nonetheless, within the realm of DFT – where the choice of section condition is
part of the definition of the theory – this background provides a novel (non-)geometric realization of the
Schro¨dinger algebra in terms of the generalized diffeomorphisms of DFT.
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4 Fluctuations in the Non-Relativistic Closed String Background
In the previous section we saw that the structures and symmetries of DFT were capable of incorporating
the Gomis-Ooguri limit of the closed string: we showed that the DFT sigma model reproduces the Gomis-
Ooguri worldsheet theory, and gave an embedding of the Gomis-Ooguri limit in DFT. We further showed
that Galilean invariance embeds naturally into the symmetries of DFT, and further that there exist doubled
geometries whose generalized isometries realize the Schro¨dinger conformal algebra.
In this section we turn to dynamics. We show in particular that the fluctuations equations of DFT
correctly reproduce the portion of the string spectrum with trivial (massless sector) oscillator excitations,
i.e., the part of the string spectrum which descents from the massless sector of the relativistic (super)string.
4.1 Spectrum of Double Field Theory on the Gomis-Ooguri Background
DFT is the effective field theory of the massless modes of the string in a particular background, depending
on the section condition, and provided that all scales in the corresponding geometry are much larger than
string scale. Because the non-relativistic limit taken in section 3.1 sends the radius of the compact direction
x1 to infinity (by sending the speed of light c to infinity, c.f. the explanation around eq. 3.1), the natural
section condition to describe the Kaluza-Klein sector of the Gomis-Ooguri string is ∂˜µ = 0, which projects
out the winding modes. This is the primary section condition we are going to consider in this subsection.
We will consider the alternative T-dual section condition when we analyze the spectrum of winding modes
in the T-dual frame in section 4.2.
We start by adopting light-cone coordinates x± = 1√
2
(t± x1) and their dual coordinates x˜± = 1√
2
(t˜±
x˜1). In the (x+, x−) basis, the tensors in (3.25) take the matrix form
(Eαβ) =

 −1 0
0 1

 , ηαβ =

 0 −1
−1 0

 . (4.1)
We also introduce the alternative notation σαβ = Eαβ , with indices unordered; in this background there is no
background metric with which to raise or lower indices, so this causes no ambiguity. For clarity we consider
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an arbitrary constant metric gij in the xi directions, so that the background is
HMN =


0 0 Eαβ 0
0 gij 0 0
−Eαβ 0 fηαβ 0
0 0 0 gij


. (4.2)
We wish to make the connection to the Gomis-Ooguri string, and so for simplicity we assume that f is
constant, although the more general case can be treated with similar methods.
Fluctuations are solutions to the linearized equations of motion (2.21) and (2.22), obtained by replacing
HAB 7→ HAB+hAB, d 7→ d+ψ and expanding to first order in the perturbations hAB and ψ. The O(D,D)
condition H CA HCB = JAB imposes the constraint (2.13) on perturbations. In terms of hAB this is
hAB = −H CA hCDHDB , (4.3)
which in the chosen basis takes the explicit form
hαβ = −σαγhγδσβδ , hαβ = −σαγhγδσδβ − fσαγhγδηδβ , (4.4)
hαi = −σαβhβjgji , hαβ = −σγαhγδσδβ − fσγαh δγ ηδβ − fηαγhγδσδβ − f2ηαγhγδηδβ ,
h ji = bikg
kj , hαi = −fηαγhγjgji − σβαhβjgji , (4.5)
hij = −gikbkj , hij = −gimhmngnj ,
with bij an antisymmetric tensor.
The first equation implies we can write hαβ = hˆ ηαβ , so that h++ = h−− = 0 and h+− = −hˆ. It is
possible to solve the rest of these constraints explicitly, but it is simpler to begin by fixing the gauge.
4.1.1 Linearized Gauge Symmetries
Assuming that f is constant, after linearization the generalized diffeomorphisms take the form
δhAB = LˆξHAB = HAC∂BξC +HCB∂AξC −HAC∂CξB −HCB∂CξA. (4.6)
26
In our decomposition, with ξM = (λ˜µ, λµ),
δhαβ = 2σ
γ
(α∂β)λ˜γ − 2∂γ λ˜(ασγβ) + 2fηγ(α∂β)λγ , δhαβ = 0 , (4.7)
δh βα = ∂αλ
γσβγ − σγα∂γλβ , δhαi = −gij∂jλα , (4.8)
δh iα = g
ij(∂αλ˜j − ∂j λ˜α)− σγα∂γλi , δhαi = σαγ ∂iλγ , (4.9)
δhαi = gij∂αλ
j + fηαγ∂iλ
γ + σα
β(∂iλ˜β − ∂βλ˜i) . (4.10)
These allow us to choose the following gauge-fixing conditions. (There are residual symmetries we use
later.)
1. Use λα to fix hαβ = −12fhˆσαβ
2. Use λ˜α to fix hαβ = 0.
3. Use λ˜i and λi to fix hαi = 0.
Imposing these conditions leaves us with the independent variables hˆ, hij , bij , hαi, together with the rela-
tions
hαβ = −
1
2
f hˆ σαβ , h
αi = −σαγ hγjgji , h iα = −fηαγhγjgji. (4.11)
4.1.2 Gauge-Fixing and the Linearized Equations of Motion
As our background is flat, ∇A = ∂A. In terms of hAB and ψ, the linearized equations of motion (2.21,2.22)
thus take the form
∂A∂BhAB − 4HAB∂A∂Bψ = 0 , (4.12)
(P CA ∆¯
D
B −∆ CA P¯ DB )hCD + 8P CA P¯ DB ∂C∂Dψ = 0 , (4.13)
where the differential operators (2.20) become
∆ DB = (P
D
B P
EF − 2P EB PDF )∂E∂F , (4.14)
∆¯ DB = (P¯
D
B P¯
EF − 2P¯ EB P¯DF )∂E∂F . (4.15)
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With this form of the differential operators, the fluctuation equations (4.12), (4.13) explicitly read
Eψ = ∂A∂BhAB − 4HAB∂A∂Bψ = 0 ,
EAB =
[
2(PCA P¯
E
B P¯
DF − P¯DB PEA PCF ) + PCA P¯DB HEF
]
∂E∂FhCD − 8PCA P¯DB ∂C∂Dψ = 0.
(4.16)
We now impose the gauge-fixing condition above, and expand in plane waves of momentum pµ =
(p+, p−, ki), setting hAB(x) = hABeip+x
++ip−x−+ikix
i
. We further decompose the fluctuations into spa-
tially transverse and longitudinal components
hij = h
⊥
ij + kiζ
⊥
j + kjζ
⊥
i + (kikj −
1
D − 2k
2gij)ρ+
1
D − 2hgij , (4.17)
bij = b
⊥
ij + kiχ
⊥
j − kjχ⊥i , (4.18)
h αi = h
⊥α
i + kiφ
α , (4.19)
satisfying the transversality constraints kih⊥ij = kib⊥ij = kiζ⊥i = kih⊥αi = 0, where we raised the index on
the momentum by ki = gijkj . Using this decomposition, the complete equations of motion are expressed
in components in the following way:
Eψ = 2p+p−hˆ+ 2k2(p−φ− − p+φ+) + 1
D − 2k
2[h− (D − 3)k2ρ+ 4(D − 2)ψ] , (4.20)
E−+ = k2hˆ , E−+ = 2p+(k2φ− + p+hˆ) , (4.21)
E−+ = fk2(p−φ− − p+φ+ + 1
4
fhˆ) + 8p+p−ψ , E +− = 2p−(k2φ+ − p−hˆ) , (4.22)
E−i = p−km(hmi − bmi) + 2p2−h−i +
f
2
k2h⊥+i + 4p−kiψ , E−i = −k2h⊥−i + p+kihˆ , (4.23)
Ei+ = p+km(hmi + bmi)− 2p2+h+i −
f
2
k2h⊥−i + 4p+kiψ , E +i = −k2h⊥+i − p−kihˆ , (4.24)
Eij = 1
2
ki
[
2p−h−j + g
mnkm(hnj − bnj)
]
− 1
2
kj
[
2p+h
+
i − gmnkm(hni + bni)
]− k2(hij − bij) + 2kikjψ. (4.25)
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4.1.3 Solution of the Linearized Equations of Motion
To build normalizable wave packets, there must be non-vanishing solutions to these equations with k2 6= 0.
Moreover, to be propagating at least one of p− and p+ must be non-zero. Assuming these conditions, we
now prove that all components of hAB vanish.
Equation (4.21) immediately implies that hˆ = 0. Supplemented by the gauge conditions (4.11), we find
that
hαβ = h
α
β = h
αβ = 0 . (4.26)
Equations (4.21,4.22) now become p+φ− = p−φ+ = 0. We can use this, by multiplying E−+ by p+p−, to
conclude that p2−p2+ψ = 0. Hence p−p+ψ, must vanish.
The vanishing of E−+ reduces to fk2(p−φ− − p+φ+) = 0. Now there are two cases: If f 6= 0, we
multiply E−+ by p+ and find that p+φ+ = 0; similarly, p−φ− = 0. Thus we have p+φ+ = p+φ− =
p−φ+ = p−φ− = 0; but by assumption at least one of p+ and p− is non-zero, so we conclude that
φ+ = φ− = 0. If, on the other hand, f = 0, then we consider the gauge transformations λ±. This gauge
symmetry was fixed by imposing conditions on hαβ and hαβ . From (4.7) we see that if f = 0, λ is a residual
gauge symmetry whenever p+λ− = p−λ+ = 0. Setting λ+ = φ+ and λ− = −φ−, the equations of motion
imply that indeed λ± are residual gauge transformations. Under these transformations, δφ± = −φ±. Thus
we may always take φ± = 0. The right-hand equations in (4.23,4.24) are now h⊥i = 0, so we conclude that
hαi = hαi = h
αi = 0. (4.27)
Now (4.20) reduces to
h+ (D − 3)k2ρ+ 4(D − 2)ψ = 0. (4.28)
Using this, the left-hand sides of (4.23,4.24) reduce to p−(ζ⊥i −χ⊥i ) = p+(ζ⊥i +χ⊥i ) = 0. The condition used
to gauge-fix λi and λ˜i was hαi = 0, which transforms as δh±i = p±(gijλj ± λ˜i). If we set λi = −gijζ⊥j ,
λ˜i = −χ⊥i , the equations of motion imply that these are residual gauge transformations. For transverse
gauge parameters, δζ⊥i = gijλj and δχ⊥i = λ˜i, so applying the transformation fixes ζ⊥i = χ⊥i = 0.
The final equation (4.25) now reduces to
− k2h⊥ij − k2b⊥ij + kikj
[
2ψ(D − 2)h − k2ρ+ 2ψ
]
− 1
D − 2k
2(h− k2ρ) = 0. (4.29)
The vanishing of the trace implies D−3
D−2(k
2ρ−h)+2ψ = 0, while the trace-free scalar part gives h− k2ρ+
2(D − 2)ψ = 0. These two equations, together with Eψ = 0, imply that h = ρ = ψ = 0.
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Finally, transverse part of (4.25) gives h⊥ij = b⊥ij = 0. Thus we conclude that
hij = bij = 0. (4.30)
This shows that there are no normalizable fluctuations around the Gomis-Ooguri background satisfying the
section condition ∂˜µ = 0, in agreement with the dispersion relation (3.2).
4.2 The Spectrum in the T-dual Frame
In the previous section we found a trivial spectrum on the GO background assuming the section condition
∂˜µ = 0, which matches the GO spectrum (3.2) for zero winding number. It is also natural to consider the
T-dual section condition: ∂˜µ = 0 for µ 6= 1 and ∂1 = 0. In the T-dual frame the winding number w becomes
the dual momentum n˜, and so we expect the GO spectrum N = N˜ = 1 to contain the non-trivial states
E =
µn˜R
α′
+
α′k2
2n˜R
. (4.31)
T-duality in DFT can be performed by conjugating by elements of O(D,D). In the α sector the matrix in
question has the form
(O BA ) =


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0


. (4.32)
Conjugating by O, we find that the dual configuration is geometric, with metric
ds2 = −f dt2 + 2 dt dx+ (dxi)2, (4.33)
a light-cone compactification. Here we have set θ = x˜1, which has natural periodicity θ ∼ θ + 2πR˜.
In this configuration, the metric fluctuation hMN takes the form
hµν = −gµλgνσhλσ , h νµ = bµλgλν , hµν = −gµλbλν , (4.34)
with bµν antisymmetric.
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The equations of motion can be adapted from above and read
Eψ = pµpνhµν − 4p2ψ = 0 , (4.35)
E(µν) = pλp(µhν)λ − p2hµν + 2pµpνψ = 0 , (4.36)
E[µν] = pλp[µhν]λ + p2bµν = 0. (4.37)
Under gauge variations ξM = (λ˜µ, λµ), δhµν = pµλν + pνλµ and δbµν = pµλ˜µ− pν λ˜µ, so we may choose
the gauge condition h0µ = b0ν = 0.
The (00) symmetric component reads 2p20ψ = 0, and so for a propagating mode, ψ = 0. The 0i
components then imply that the remaining tensors are spatially transverse, pihij = pibij = 0. The remaining
equations read p2hij = p2bij = 0, giving the mass-shell condition p2 = 0. The number of degrees of
freedom is the number of components of spatially transverse tensors. For hij this is D(D−1)2 − (D − 1) =
(D−1)(D−2)
2 , and for bij ,
(D−1)(D−2)
2 −(D−1) = (D−1)(D−4)2 , giving a total of (D−1)(D−3) polarizations.
The condition p2 = 0 for the metric (4.33) yields the dispersion relation
E = 12fpθ +
k2
2pθ
. (4.38)
The radius of the θ circle is given by R˜ = α′/R, and so the θ momentum is quantized in units of 1/R˜,
pθ =
n˜R
α′
. If we introduce the chemical potential µ = f/2 and insert these relations into the dispersion
relation (4.38), we obtain the Gomis-Ooguri spectrum at N = N˜ = 1 given in equation (4.31).
5 Conclusions & Outlook
In this work we analyzed the target space dynamics of DFT around a non-Riemannian string background
corresponding to the non-relativistic closed string theory of Gomis and Ooguri [1]. This non-relativistic
closed string theory is, as reviewed in section 3.1, a certain limit of a relativistic closed string compactified
on a circle in the presence of an NS-NS B-field. As we showed in section 3, the sigma model description
of [1] can be embedded into the DFT sigma model of [2] where the Lagrange multipliers β, β¯ of [1] are
identified with components of the vector potential of [2] implementing the coordinate gauge transforma-
tions of the doubled-yet-gauged spacetime. The generalized metric (3.23) corresponding to this embedding
is well-defined within DFT, but does not admit the usual decomposition in terms of metric and B-field
of equation (1.8). Thus, it provides an example of a locally non-Riemannian background of closed string
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theory.6 The fact that the DFT sigma model of [2] reduces to the closed string sigma model of [1] hence
constitutes a nontrivial check of the validity of DFT, which goes beyond the purview of Riemannian geom-
etry.
In section 4 we then analyzed the spectrum of linear perturbations around this non-Riemannian DFT
background, which describes the NS-NS sector of closed string theory. This is the main result of the present
paper. We in particular showed (in section 4.1) that, in accordance with [1], there are no perturbative
propagating degrees of freedom in the Kaluza-Klein sector. We furthermore showed in section 4.2 that the
spectrum of winding modes correctly reproduces the non-relativistic excitation spectrum found in [1]. On
the way, we also derived the explicit realization of the Bargmann algebra on the target space DFT manifold
(section 3.5), and presented a novel DFT geometry with Schro¨dinger conformal symmetry (section 3.6).
In order to carry out the fluctuation analysis of section 4, we first derived in section 2 a compact form of
the bosonic DFT Lagrangian expanded to second order in fluctuations around a generic on-shell background
(2.23), expressed in terms of novel completely covariantized differential operators (2.35) and (2.36). The
compact expressions (2.21), (2.22) and (2.23), derived in terms of the variations of the projection operators
(2.13), enabled us to write the fluctuation equations in a simple form. We hope that the expressions (2.21),
(2.22) and (2.23) will also be useful for the analysis of the fluctuations in different physical setups, such
as cosmological perturbation theory, or perturbations around D-branes and other solitonic objects [70, 71]
within the DFT framework.
We envision that both the general fluctuation analysis of section 2 as well as the ability of DFT to
correctly describe non-geometric backgrounds as seen in section 3 and 4 will have further applications.
For example, it may be possible to relate the non-relativistic limits of D-branes and membranes already
discussed in [1] to new non-geometric and non-relativistic solitonic objects in DFT. In fact, recent definitions
of conserved charges in DFT [72, 73] may enable the study of such solitonic objects with Ramond-Ramond
charges (D-branes) directly within the DFT setup. One instance of non-Riemannian geometry that would
be interesting to analyze from the DFT point of view is the non-commutative geometry emerging on D-
brane world volumes in the presence of NS-NS B-fields [74]. On a related note, it would be interesting
to search for novel boundary states within the DFT sigma model formulation [2]. From the point of view
of holography, it will be interesting to apply DFT to (partially) non-Riemannian situations which allow
for a holographic dual description. This could for example include holographic backgrounds with non-
Riemannian internal spaces, the Schro¨dinger geometries derived in section 3.6, and variants thereof such as
6This locally non-geometric nature is distinct from T-folds and similar backgrounds, which are locally geometric but globally
not: there, string duality transformations are used to glue together locally geometric descriptions.
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Lifshitz or hyperscaling violating backgrounds. For example, one concrete application of DFT holography
would be the derivation of the asymptotic symmetry algebra of the Schro¨dinger solutions (3.40) by means
of the Brown-Henneaux procedure. We plan to return to these and related questions in the near future [75].
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A Derivation of the Fluctuation Equations and Lagrangian
In this appendix we will show in more detail the steps involved in deriving the linearized equations of motion
(2.21), (2.22) of the DFT Lagrangian (2.11), focusing on the non-trivial part of the procedure. We will also
prove that the new operators ∆ BA (2.35), (2.36), in terms of which the linearized EOMs are expressed, are
indeed covariant.
The strategy is as follows: starting from DFT Lagrangian (2.11), we vary with respect to the DFT
covariant fieldsHAB and d to obtain the DFT EOM. We then vary these EOMs once to obtain the linearized
fluctuation EOMs. The starting point of this calculation is the DFT Lagrangian (2.11). Since there are
two independent fields in DFT, HAB and d, there are two independent EOMs obtained from the variations
δHAB and δd. The projector PAB is built out of of the constant metric JAB and the generalized metric
HAB, which leads to the following relations between δHAB, δPAB , and δP¯AB :
PAB =
1
2(J +H)AB, P¯AB = 12(J −H)AB ,
δPAB =
1
2δHAB , δP¯AB = −12δHAB ,
δJAB = 0 .
(A.1)
The EOM of DFT are then obtained by varying (2.11):
δL = −14e−2dδd(PACPBD − P¯ACP¯BD)SABCD
+18e
−2d(δPACPBD + PACδPBD − δP¯ACP¯BD − P¯ACδP¯BD)SABCD
+18e
−2d(PACPBD − P¯ACP¯BD)δSABCD .
(A.2)
The first line in (A.2) implies that the dilaton EOM is nothing but the Lagrangian itself, which should vanish
on-shell. The second line is the EOM for the generalized metric HAB, and the last line is a boundary term.
We are considering on-shell backgrounds only in this work, and we will not keep track of the boundary
terms in the remaining calculations. Next we vary eq.(A.2) once more and collect the quadratic terms in
the variations, to obtain the linearized EOM. In doing so a subtlety arises: The generalized metric HAB is a
constrained object, with the constraint being
HACHCB = JAB . (A.3)
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This specific constraint relates the quadratic variation of the generalized metric with terms quadratic in the
first variation of the generalized metric. It turns out that it is convenient to work with the projectors P , P¯ ,
instead of the metric itself:
δ2PAC = (δPAI P¯
B
J + P
A
IδP¯
B
J + δP¯
A
IP
B
J + P¯
A
IδP
B
J)δP
IJ . (A.4)
Ignoring the boundary term in eq. (A.2) and performing another variation will then lead to the following
result:
1
2δ
2L = −18e−2dδd(PACPBD − P¯ACP¯BD)δSABCD
+ 116e
−2d(δPACPBD + PACδPBD − δP¯AC P¯BD − P¯ACδP¯BD)δSABCD
+ 116e
−2d(δ2PACPBD + PACδ2PBD − δ2P¯ACP¯BD − P¯ACδ2P¯BD)SABCD
= −18e−2dδd(PACPBD − P¯ACP¯BD)δSABCD
+ 116e
−2d(δPACPBD + PACδPBD − δP¯AC P¯BD − P¯ACδP¯BD)δSABCD
+14e
−2d(P¯AC P¯BD − PACPBD)SABδPCEδPED .
(A.5)
Note that arriving at the third line of the eq. (A.5) required the use of eq. (A.4). The remaining computation
is tedious but straightforward, resulting in
1
2δ
2L = 116e−2d[{P¯EF (P¯ABPCD − PBCPAD) + PEF (P¯BCP¯AD − PABP¯CD)}∇AδPCE∇BδPDF
+8(PAE − P¯AE)∂Aδd∂Eδd− 8∂Aδd∇EδPAE + 4(P¯AC P¯BD − PACPBD)SABδPCEδPED] .
(A.6)
In terms of our new second order differential operators, ∆ BA , ∆¯ BA (2.20), the above expression can be
simplified dramatically,
1
2δ
2L = e−2d [12(P − P¯ )AB∂Aδd ∂Bδd− 12∂Aδd∇BδPAB + 18δPAB(∆¯ACPBD −∆ACP¯BD)δPCD] .
(A.7)
This result coincides exactly with (2.23).
The final result of the linearized EOM should be covariant under the generalized DFT diffeomorphisms.
This implies that the difference between generalized diffeomorphisms δX and the corresponding generalized
Lie derivativeLX must vanish. The first and second terms of eq. (A.6) are rather trivially seen to be covariant
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by imposing the relation (2.28). However the last part including the ∆¯ BA operator is not obviously covariant,
since ∆¯ BA contains second order semi-covariant derivatives. We will now show that the following second-
order derivative is completely covariant,
P A1I1 · · ·P
Ai−1
Ii−1
∆¯ GIi P
Ai+1
Ii+1
· · ·P AnIn TA1···Ai−1GAi+1···An . (A.8)
Here the subscript index i merely indicates the position of the contracted O(D,D) index, G, and can be
taken arbitrary among 1, 2, · · · , n. To compute the potential violation of covariance, (δX − LX), we recall
the generic expression of the anomalous terms for the second order semi-covariant derivative,
(δX−LˆX)∇B∇CTA1···An = 2(P+P¯)BCGFDE∂F∂[DXE]∇GTA1···An
+
∑n
i=1 2(P+P¯)BAiGFDE∂F∂[DXE]∇CTA1···Ai−1GAi+1···An
+
∑n
i=1 2(P+P¯)CAiGFDE∂F∂[DXE]∇BTA1···Ai−1GAi+1···An
+
∑n
i=1 2(P+P¯)CAiGFDE
(∇B∂F∂[DXE])TA1···Ai−1GAi+1···An .
(A.9)
From this expression we obtain straightforwardly
(δX − LˆX)P A1I1 · · ·P
Ai−1
Ii−1
∆¯ GIi P
Ai+1
Ii+1
· · ·P AnIn TA1···Ai−1GAi+1···An
= 4P¯B GDEFIi ∂D∂[EXF ]∇BTA1···Ai−1GAi+1···AnP
A1
I1
· · ·P AnIn
+2P¯B GDEFIi ∇B∂D∂[EXF ]TA1···Ai−1GAi+1···AnP
A1
I1
· · ·P AnIn
−4P¯G BDEFIi ∂D∂[EXF ]∇BTA1···Ai−1GAi+1···AnP
A1
I1
· · ·P AnIn
−4P¯ BGDEFIi ∇B∂D∂[EXF ]TA1···Ai−1GAi+1···AnP
A1
I1
· · ·P AnIn
−4P¯ BGDEFIi ∂D∂[EXF ]∇BTA1···Ai−1GAi+1···AnP
A1
I1
· · ·P AnIn
+2P¯GB DEFIi ∇B∂D∂[EXF ]TA1···Ai−1GAi+1···AnP
A1
I1
· · ·P AnIn
+2P¯ GBDEFIi ∇B∂D∂[EXF ]TA1···Ai−1GAi+1···AnP
A1
I1
· · ·P AnIn ,
(A.10)
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which further simplifies to show the desired covariant property,
(δX − LˆX)P A1I1 · · ·P
Ai−1
Ii−1
∆¯ GIi P
Ai+1
Ii+1
· · ·P AnIn TA1···Ai−1GAi+1···An
= 6JIiJ P¯ [JBG]DEF∇B∂D∂[EXF ]TA1···Ai−1GAi+1···AnP A1I1 · · ·P AnIn
= 6JIiJ P¯ [JBG][DEF ]∇B∂[D∂EXF ]TA1···Ai−1GAi+1···AnP A1I1 · · ·P AnIn
= 0 .
(A.11)
Similarly, one can show that the other operator, P¯ A1I1 · · ·∆
G
Ii
· · · P¯ AnIn TA1···Ai−1GAi+1···An , is completely
covariant as well.
References
[1] J. Gomis and H. Ooguri, “Nonrelativistic closed string theory,” J. Math. Phys. 42 (2001) 3127
[hep-th/0009181].
[2] K. Lee and J. H. Park, “Covariant action for a string in ”doubled yet gauged” spacetime,” Nucl. Phys.
B 880 (2014) 134 [arXiv:1307.8377 [hep-th]].
[3] M. R. Douglas, “The Statistics of string / M theory vacua,” JHEP 0305 (2003) 046 [hep-th/0303194].
[4] S. Ashok and M. R. Douglas, “Counting flux vacua,” JHEP 0401 (2004) 060 [hep-th/0307049].
[5] S. Hellerman, J. McGreevy and B. Williams, “Geometric constructions of nongeometric string theo-
ries,” JHEP 0401 (2004) 024 [hep-th/0208174].
[6] J. Shelton, W. Taylor and B. Wecht, “Nongeometric flux compactifications,” JHEP 0510 (2005) 085
[hep-th/0508133].
[7] W. Siegel, “Two vierbein formalism for string inspired axionic gravity,” Phys. Rev. D 47 (1993) 5453
[hep-th/9302036].
[8] W. Siegel, “Superspace duality in low-energy superstrings,” Phys. Rev. D 48 (1993) 2826
[hep-th/9305073].
[9] C. Hull and B. Zwiebach, “Double Field Theory,” JHEP 0909 (2009) 099 [arXiv:0904.4664 [hep-th]].
37
[10] C. Hull and B. Zwiebach, “The Gauge algebra of double field theory and Courant brackets,” JHEP
0909 (2009) 090 [arXiv:0908.1792 [hep-th]].
[11] O. Hohm, C. Hull and B. Zwiebach, “Background independent action for double field theory,” JHEP
1007 (2010) 016 [arXiv:1003.5027 [hep-th]].
[12] O. Hohm, C. Hull and B. Zwiebach, “Generalized metric formulation of double field theory,” JHEP
1008 (2010) 008 [arXiv:1006.4823 [hep-th]].
[13] G. Aldazabal, D. Marques and C. Nunez, “Double Field Theory: A Pedagogical Review,” Class. Quant.
Grav. 30 (2013) 163001 [arXiv:1305.1907 [hep-th]].
[14] D. S. Berman and D. C. Thompson, “Duality Symmetric String and M-Theory,” Phys. Rept. 566 (2014)
1 [arXiv:1306.2643 [hep-th]].
[15] O. Hohm, D. Lu¨st and B. Zwiebach, “The Spacetime of Double Field Theory: Review, Remarks, and
Outlook,” Fortsch. Phys. 61 (2013) 926 [arXiv:1309.2977 [hep-th]].
[16] M. J. Duff, “Duality Rotations in String Theory,” Nucl. Phys. B 335 (1990) 610.
[17] A. A. Tseytlin, “Duality Symmetric Formulation of String World Sheet Dynamics,” Phys. Lett. B 242
(1990) 163.
[18] A. A. Tseytlin, “Duality symmetric closed string theory and interacting chiral scalars,” Nucl. Phys. B
350 (1991) 395.
[19] C. M. Hull, “Global aspects of T-duality, gauged sigma models and T-folds,” JHEP 0710 (2007) 057
[hep-th/0604178].
[20] C. M. Hull, “Doubled Geometry and T-Folds,” JHEP 0707 (2007) 080 [hep-th/0605149].
[21] N. B. Copland, “A Double Sigma Model for Double Field Theory,” JHEP 1204 (2012) 044
[arXiv:1111.1828 [hep-th]].
[22] S. Groot Nibbelink and P. Patalong, “A Lorentz invariant doubled world-sheet theory,” Phys. Rev. D
87 (2013) 4, 041902 [arXiv:1207.6110 [hep-th]].
[23] J. de Boer and M. Shigemori, “Exotic branes and non-geometric backgrounds,” Phys. Rev. Lett. 104
(2010) 251603 [arXiv:1004.2521 [hep-th]].
38
[24] T. Kimura and S. Sasaki, “Gauged Linear Sigma Model for Exotic Five-brane,” Nucl. Phys. B 876
(2013) 493 [arXiv:1304.4061 [hep-th]].
[25] Y. Sakatani, “Exotic branes and non-geometric fluxes,” JHEP 1503 (2015) 135 [arXiv:1412.8769 [hep-
th]].
[26] J. Gomis, K. Kamimura and P. K. Townsend, “Non-relativistic superbranes,” JHEP 0411 (2004) 051
[hep-th/0409219].
[27] J. Gomis, J. Gomis and K. Kamimura, “Non-relativistic superstrings: A New soluble sector of AdS(5)
x S**5,” JHEP 0512 (2005) 024 [hep-th/0507036].
[28] J. Gomis, F. Passerini, T. Ramirez and A. Van Proeyen, “Non relativistic Dp branes,” JHEP 0510
(2005) 007 [hep-th/0507135].
[29] B. S. Kim, “World Sheet Commuting beta gamma CFT and Non-Relativistic String Theories,” Phys.
Rev. D 76 (2007) 106007 [arXiv:0708.4261 [hep-th]].
[30] B. S. Kim, “Non-relativistic superstring theories,” Phys. Rev. D 76 (2007) 126013 [arXiv:0710.3203
[hep-th]].
[31] B. S. Kim, “Bosonization of Matter beta gamma CFT, Non-compact Coordinate and Noncritical String
Theory,” arXiv:0809.2118 [hep-th].
[32] K. Balasubramanian and J. McGreevy, “Gravity duals for non-relativistic CFTs,” Phys. Rev. Lett. 101
(2008) 061601 [arXiv:0804.4053 [hep-th]].
[33] P. Horava, “Quantum Gravity at a Lifshitz Point,” Phys. Rev. D 79 (2009) 084008 [arXiv:0901.3775
[hep-th]].
[34] K. Jensen, “On the coupling of Galilean-invariant field theories to curved spacetime,” arXiv:1408.6855
[hep-th].
[35] J. Hartong, E. Kiritsis and N. A. Obers, “Lifshitz space?times for Schrdinger holography,” Phys. Lett.
B 746 (2015) 318 [arXiv:1409.1519 [hep-th]].
[36] J. Hartong, E. Kiritsis and N. A. Obers, “Schroedinger Invariance from Lifshitz Isometries in Holog-
raphy and Field Theory,” arXiv:1409.1522 [hep-th].
39
[37] J. Hartong, E. Kiritsis and N. A. Obers, “Field Theory on Newton-Cartan Backgrounds and Symme-
tries of the Lifshitz Vacuum,” arXiv:1502.00228 [hep-th].
[38] E. A. Bergshoeff, J. Hartong and J. Rosseel, “Torsional Newton?Cartan geometry and the Schrdinger
algebra,” Class. Quant. Grav. 32 (2015) 13, 135017 [arXiv:1409.5555 [hep-th]].
[39] E. Bergshoeff, J. Rosseel and T. Zojer, “Newton-Cartan (super)gravity as a non-relativistic limit,”
arXiv:1505.02095 [hep-th].
[40] J. Hartong and N. A. Obers, “Horava-Lifshitz Gravity From Dynamical Newton-Cartan Geometry,”
JHEP 1507 (2015) 155 [arXiv:1504.07461 [hep-th]].
[41] I. Jeon, K. Lee, J. H. Park and Y. Suh, “Stringy Unification of Type IIA and IIB Supergravities under
N=2 D=10 Supersymmetric Double Field Theory,” Phys. Lett. B 723 (2013) 245 [arXiv:1210.5078
[hep-th]].
[42] T. H. Buscher, “Quantum Corrections and Extended Supersymmetry in New σ Models,” Phys. Lett. B
159 (1985) 127.
[43] T. H. Buscher, “A Symmetry of the String Background Field Equations,” Phys. Lett. B 194 (1987) 59.
[44] T. H. Buscher, “Path Integral Derivation of Quantum Duality in Nonlinear Sigma Models,” Phys. Lett.
B 201 (1988) 466.
[45] A. Giveon, E. Rabinovici and G. Veneziano, “Duality in String Background Space,” Nucl. Phys. B 322
(1989) 167.
[46] K. A. Meissner and G. Veneziano, “Symmetries of cosmological superstring vacua,” Phys. Lett. B 267
(1991) 33.
[47] M. Gualtieri, “Generalized complex geometry,” math/0401221 [math-dg].
[48] N. Hitchin, “Generalized Calabi-Yau manifolds,” Quart. J. Math. 54 (2003) 281 [math/0209099 [math-
dg]].
[49] N. Hitchin, “Lectures on generalized geometry,” arXiv:1008.0973 [math.DG].
[50] M. Grana, R. Minasian, M. Petrini and D. Waldram, “T-duality, Generalized Geometry and Non-
Geometric Backgrounds,” JHEP 0904 (2009) 075 [arXiv:0807.4527 [hep-th]].
40
[51] A. Coimbra, C. Strickland-Constable and D. Waldram, “Supergravity as Generalised Geometry I: Type
II Theories,” JHEP 1111 (2011) 091 [arXiv:1107.1733 [hep-th]].
[52] A. Coimbra, C. Strickland-Constable and D. Waldram, “Generalised Geometry and type II Supergrav-
ity,” Fortsch. Phys. 60 (2012) 982 [arXiv:1202.3170 [hep-th]].
[53] J. H. Park, “Comments on double field theory and diffeomorphisms,” JHEP 1306 (2013) 098
[arXiv:1304.5946 [hep-th]].
[54] D. Andriot and A. Betz, “β-supergravity: a ten-dimensional theory with non-geometric fluxes, and its
geometric framework,” JHEP 1312 (2013) 083 [arXiv:1306.4381 [hep-th]].
[55] I. Jeon, K. Lee and J. H. Park, “Differential geometry with a projection: Application to double field
theory,” JHEP 1104 (2011) 014 [arXiv:1011.1324 [hep-th]].
[56] I. Jeon, K. Lee and J. H. Park, “Stringy differential geometry, beyond Riemann,” Phys. Rev. D 84
(2011) 044022 [arXiv:1105.6294 [hep-th]].
[57] O. Hohm and B. Zwiebach, “On the Riemann Tensor in Double Field Theory,” JHEP 1205 (2012) 126
[arXiv:1112.5296 [hep-th]].
[58] I. Jeon, K. Lee and J. H. Park, “Supersymmetric Double Field Theory: Stringy Reformulation of
Supergravity,” Phys. Rev. D 85 (2012) 081501 [Phys. Rev. D 86 (2012) 089903] [arXiv:1112.0069
[hep-th]].
[59] I. Jeon, K. Lee and J. H. Park, “Ramond-Ramond Cohomology and O(D,D) T-duality,” JHEP 1209
(2012) 079 [arXiv:1206.3478 [hep-th]].
[60] N. Seiberg, L. Susskind and N. Toumbas, “Strings in background electric field, space / time noncom-
mutativity and a new noncritical string theory,” JHEP 0006 (2000) 021 [hep-th/0005040].
[61] R. Gopakumar, J. M. Maldacena, S. Minwalla and A. Strominger, “S duality and noncommutative
gauge theory,” JHEP 0006 (2000) 036 [hep-th/0005048].
[62] O. Hohm and H. Samtleben, “U-duality covariant gravity,” JHEP 1309 (2013) 080 [arXiv:1307.0509
[hep-th]].
41
[63] M. Garcia-Fernandez, “Torsion-free generalized connections and Heterotic Supergravity,” Commun.
Math. Phys. 332 (2014) 1, 89 [arXiv:1304.4294 [math.DG]].
[64] A. Dabholkar, G. W. Gibbons, J. A. Harvey and F. Ruiz Ruiz, “Superstrings and Solitons,” Nucl. Phys.
B 340 (1990) 33.
[65] G. W. Moore, “Finite in all directions,” Yale Univ. New Haven - YCTP-P12-93 (93/05,rec.Jun.) 66 p.
e: LANL hep-th/9305139 [hep-th/9305139].
[66] E. Malek, “Timelike U-dualities in Generalised Geometry,” JHEP 1311 (2013) 185 [arXiv:1301.0543
[hep-th], arXiv:1301.0543].
[67] M. Cederwall, The geometry behind double geometry, JHEP 1409 (2014) 070 [arXiv:1402.2513 [hep-
th]].
[68] M. Cederwall, T-duality and non-geometric solutions from double geometry, Fortsch. Phys. 62 (2014)
942 [arXiv:1409.4463 [hep-th]].
[69] D. T. Son, “Toward an AdS/cold atoms correspondence: A Geometric realization of the Schro¨dinger
symmetry,” Phys. Rev. D 78 (2008) 046003 [arXiv:0804.3972 [hep-th]].
[70] J. Berkeley, D. S. Berman and F. J. Rudolph, “Strings and Branes are Waves,” JHEP 1406 (2014) 006
[arXiv:1403.7198 [hep-th]].
[71] D. S. Berman and F. J. Rudolph, “Branes are Waves and Monopoles,” JHEP 1505 (2015) 015
[arXiv:1409.6314 [hep-th]].
[72] C. D. A. Blair, “Conserved Currents of Double Field Theory,” arXiv:1507.07541 [hep-th].
[73] J. H. Park, S. J. Rey, W. Rim and Y. Sakatani, “O(D,D) Covariant Noether Currents and Global Charges
in Double Field Theory,” arXiv:1507.07545 [hep-th].
[74] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909 (1999) 032
[hep-th/9908142].
[75] Sung-Moon Ko, Charles M. Melby-Thompson, Rene´ Meyer, Jeong-Hyuck Park, Work in Progress.
42
